Using the NRQCD factorization formalism, We calculate the electroproduction cross sections of η c in ep collisions, including the contribution from both the transverse photon and the longitudinal photon. For this process the color-singlet contribution vanishes up to the next to leading order perturbative QCD calculations. The dominant contribution comes from the color-octet 1 S (8) 0 subprocess. The nonperturbative color-octet matrix element of 1 S (8) 0 of η c is related to that of 3 S (8) 1 of J/ψ by the heavy quark spin symmetry, and the latter can be determined from the direct production of J/ψ at large transverse momentum at the Fermilab Tevatron. The measurement of this process at HERA can be viewed as another independent test for the color-octet production mechanism.
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I. INTRODUCTION
Studies of heavy quarkonium production in high energy collisions may provide important information on both perturbative and nonperturbative QCD. Recent progress in the this area was stimulated by the experimental results of CDF at the Fermilab Tevatron. During the Tevatron Run I, the CDF data [1] for the prompt production rates of J/ψ and ψ ′ at large transverse momentum were observed to be orders of magnitude larger than the lowest order perturbative calculation based on the color-singlet model [2] . At the same time, a new framework in treating quarkonium production and decays has been advocated by Bodwin, Braaten and Lepage in the context of nonrelativistic quantum chromodynamics (NRQCD) [3] . In this approach, the production process is factorized into short and long distance parts, while the latter is associated with the nonperturbative matrix elements of four-fermion operators. So, for heavy quarkonium production, the quark-antiquark pair does not need to be in the color-singlet state in the short distance production stage, which occurs at the scale of 1/m Q (m Q being the heavy quark mass). At this stage, it allows the other color configuration than the singlet for the heavy quark pair, that is the color-octet. The later situation for heavy quarkonium production is called the color-octet mechanism. In this production mechanism, heavy quark-antiquark pair is produced at short distances in a color-octet state, and then hadronizes into a final state quarkonium (the physical state) nonperturbatively. The color-octet terms in the gluon fragmentation to J/ψ(ψ ′ ) have been considered to explain the J/ψ(ψ ′ ) surplus problems discovered by CDF [4, 5] . Taking the nonperturbative O
as input parameters, the CDF surplus problem for J/ψ and ψ ′ can be explained as the contributions of color-octet terms due to gluon fragmentation. In the past few years, applications of the NRQCD factorization formalism to J/ψ(ψ ′ ) production at various experimental facilities have been studied.
Even though the color-octet mechanism has achieved some successes in describing the production and decay of heavy quarkonia, more tests of this mechanism are still needed. Recently, the photoproduction data from HERA [6] put a question about the color-octet predictions for the inelastic photoproduction of J/ψ [7, 8] . More recently, possible solutions for this problem have been suggested in [9] [10] [11] . In this situation it is certainly helpful to find other processes to test the color-octet mechanism in the heavy quarkonium production. Under this context, we have studied η c photoproduction in NRQCD [12] . We find that this process has several unique properties for the test of the color-octet production mechanism: (1) this process is purely a color-octet process up to the next to leading order in perturbative QCD; (2) this process is dominated by the 1 S channel, for which the color-octet matrix element can be related to the J/ψ hadroproduction at large p T by the heavy quark spin symmetry; (3) unlike the inelastic J/ψ photoproduction which is affected by large diffraction background, the inelastic photoproduction of η c has much lower diffraction background. So, the measurement of this process may clarify the existing conflict between the color-octet prediction and the experimental result on the J/ψ photoprodution. In this paper, we will extend our previous study of η c production from the photoproduction region (Q 2 ≈ 0) to the deep inelastic scattering (DIS) region (Q 2 > 0) at the energies relevant to the HERA collider. The electroproduction of η c has the same features as the above mentioned for the test of the color-octet production mechanism.
Moreover, since Q 2 can be large, electroproduction is a better process from which to test the color-octet mechanism and to extract the NRQCD long distance matrix elements than photoproduction. The latter process lacks any large scale other than the charm quark mass, and consequently, perturbative corrections to leading order calculations are large. In addition, nonperturbative effects, such as higher twist corrections to the parton model, are less effectively suppressed in photoproduction than in electroproduction at large Q 2 . The rest of the paper is organized as follows. In Sec.II, we give the cross section formula of η c electroproduction in the color-octet model. In Sec.III, we give the numerical results about the production rates of η c at the energy range relevant to HERA collider. The summary and discussions are given in Sec.IV.
II. η C ELECTROPRODUCTION IN THE COLOR OCTET MODEL
The power of the NRQCD formalism stems from the fact that factorization formulas for observables are expansions in the small parameter v ,where v is the average relative velocity of the heavy quark and antiquark in quarkonium bound state. For charmonium v 2 ∼ 0.3 , and for bottomonium v 2 ∼ 0.1 . NRQCD velocity-scaling rules [13] allow us to estimate the relative size of various NRQCD matrix elements. This information, along with the dependence of the short-distance coefficients on α s and α, permits us to decide which terms must be retained in expressions for observables to reach a given level of accuracy. At low orders, factorization formulas involve only a few matrix elements, so several observables can be related by a small of parameters.
In NRQCD the Fock state expansion for η c is
For the production of η c , the contributions to the NRQCD matrix elements from the last three terms of the above expansion are the same order of v 2 according to the NRQCD velocity scaling rules. They are all suppressed by v 4 compared to the contribution from the first term (the color-singlet contribution). However, the color-singlet contributions to η c production vanish in the leading order and the next to leading order γ * g fusion processes (see the following). So, the production of η c is purely a color-octet process, even to the next to leading order of QCD calculations. Therefore, the η c production processes such as at the HERA, will provide an important test for the color-octet production mechanism. Furthermore, we will show by the following calculations, the dominant contribution to η c production comes from the last term (color octet) of the Fock state expansion in equation (1) . For this term, the associated color-octet production matrix element O ηc 8 ( 1 S 0 ) can be related to the matrix element O ψ 8 ( 3 S 1 ) by the heavy quark symmetry. And the later color-octet matrix element is important for the color-octet explanation of the prompt J/ψ surplus production at the Tevatron [4, 5] . So, the measurement of η c production processes is closely associated with the test of the color-octet gluon fragmentation mechanism proposed in [4] .
The complete ep → η c X cross secion can be written as
Here Γ(Q 2 , y) is the
and
where σ T and σ L are the cross sections of virtual photon processes for the transverse polarized photon and longitudinal polarized photon respectively. According to the NRQCD factorization formalism [3] , the production process γ * + g → η c + X can be expressed as the following form,
Here, n denotes the cc pair configuration in the expansion terms of Eq. (1) (including angular momentum 2S+1 L J and color index 1 or 8). F (γ * + g → n + X) is the short distance coefficient for the subprocess γ * + g → n + X. O ηc n is the long distance non-perturbative matrix element which represents the probability of the cc pair in n configuration evolving into the physical state η c . The short distance coefficient F can be calculated by using perturbative QCD in expansion of powers of α s . The long distance matrix elements are still not available from the first principles at present. However, the relative importance of the contributions from different terms in (5) can be estimated by using the NRQCD velocity scaling rules.
From Eq.(1), we can see that the color-singlet contribution to the production of η c is at the leading order in v 2 . The associated short distance coefficient is given by the subprocess
This process occurs at the next to leading order in α s for the γ * g fusion processes. However, there is no contribution from this process, because it violates C(charge) parity conservation.
(The C parities of the two gluon system (constrained in color-singlet) and the cc pair in ( 1 S 0 , 1) state are both +1, while the C parity of the photon is −1). The color-octet contributions to the η c production come from the leading order and the next to leading order γ * g fusion processes as shown in Fig.1 . At the leading order in α s , the subprocess is 2 → 1 ( Fig.1(a) ),
For this process, we readily have
whereŝ is the invariant mass squared of the partonic process. m c is the charm quark mass, and we have approximated the charmonium bound state mass of η c by 2m c . At the next to leading order in α s , the subprocesses are 2 → 2 ( Fig.1(b) and Fig.1(c) ). These processes contain the contributions from
The cross sections for these 2 → 2 subprocesses can be expressed as the following form,
wheret = (z − 1)ŝ, and z is defined as z = p · k ηc /p · k * γ with p, k ηc , k γ * being the momenta of the proton, the outgoing η c and the incident photon respectively.
It is convenient to use the helicity amplitude method to calculate the cross section formulas for the virtual photon processes Eqs. (9) (10) (11) . To the polarization vectors of the virtual photon, we choose
for the transverse and longitudinal polarized photons respectively. For the incident and the outgoing gluons, following [14] , we choose their polarization vectors as
Where q = p 1 + Q 2 2p 1 ·p 2 p 2 , p 2 1 = −Q 2 and p 1 is the momenta for the incident photon. p 2 , p 3 and e 2 , e 3 are the momenta and the polarization vectors for the incident gluon and outgoing gluon respectively. The normalization factor N e is
where M is the mass of η c , the Mandelstam invariantsŝ,t,û are defined aŝ
and they satisfy the relationŝ
With these definitions for the polarization vectors of the photon and gluons Eqs. (13, 14, 15) , the calculations of the helicity amplitudes are straightforward. The expressions for F s in Eq.(12) are given in the Appendix.
III. NUMERICAL RESULTS
For the numerical evaluation, we choose m c = 1.5 GeV , and set the renormalization scale and the factorization scale both equal to µ 2 = (2m c ) 2 + Q 2 . For the parton distribution function of the proton, we use the Glück-Reya-Vogt (GRV) LO parametrization [15] .
Because there is no color-singlet contributions to η c electroproduction up to the next to leading order perturbative calculations, we present in the following the numerical results only coming from the color-octet contributions. For the color-octet η c production, by using the heavy quark spin symmetry, we estimate the associated color-octet matrix element
The value of the color-octet matrix element O J/ψ 8 ( 3 S 1 ) follows the fitted value in [16] by comparing the theoretical prediction of direct J/ψ production to the experimental data at the Tevatron. For the other two color-octet matrix elements, we estimate their values by using the naive NRQCD velocity scaling rules,
In Fig.2 , We first display the contribtuion from 2 → 1 partonic subprocess to the electroproduction of η c , in which the intermediate color-octet state is 1 S (8) 0 . The 2 → 1 process contributes the η c production in the forward direction (z ∼ 1). In e + p → e + η c + X, we study the inelastic η c production in the kinematic range of 4 < Q 2 < 80GeV 2 and 40 < W < 180GeV 2 for HERA experiments.
Next we study the 2 → 2 subprocesses contributions to the electroproduction of η c . First, we consider the virtual photon-proton processes: γ * p → η c X. In Fig.3 , we plot the z distributions of the cross sections σ tot (γ * p) = σ T (γ * p) + σ L (γ * p) of η c production in the virtual photon-proton collisions at different values of Q 2 . Relevant to the HERA energy range, we choose the photon-proton c.m. energy W = 100GeV and select Q 2 = 4, 10, 40GeV 2 to see the change of the cross sections with Q 2 . For comparison, we also show the photoproduction cross section in this figure (Q 2 = 0). From these plots, we can see that the shapes of the curves for the individual channel contributions do not change distinctly with Q 2 , and their relative importances also do not change. More important, 1 S (8) 0 channel always dominates over the other two channels, which is the same as that in the photoproduction processes.
In Fig.4 , we show the ratio σ L (γ * p)/σ T (γ * p) as the function of z for Q 2 = 10GeV 2 and 40GeV 2 respectively. We can see that this ratio increases in all channels as Q 2 increases. In particular, for the 3 S In Fig. 5 , we show the cross sections of e + p → e + η c + X at HERA. We plot the differential cross sections dσ/dz as a function of z for two cases for the intergral region of
From the above numerical results, we see that the contribution from the 1 S
0 subprocess dominates the η c electroproduction. The associated color-octet matrix element O ηc 8 ( 1 S 0 ) can be related to the color-octet matrix element O J/ψ 8 ( 3 S 1 ) by the heavy quark spin symmetry. The value of the later matrix element we used is from the fitting to the large transverse momentum J/ψ production at the Fermilab Tevatron [16] , which can be viewed as a much reliable estimate because in the large p T region gluon fragmentation is dominant [4, 5, 9] , and the initial and final state gluon radiation effects are much smaller [9] . So, the η c electroproduction together with its photoproduction can provide an important test for the color-octet production mechanism.
For the experimental observation of η c , we suggest using all main decay channels of η c such as ηππ, η ′ ππ, KKπ, ππππ, KKππ, KKKK, as well as γγ to detect η c . The increase of luminosity at HERA offers the possibility of experimental investigation of eletrophotoproduction of η c . We hope the observation of η c is possible with the upgrade HERA data in the near future.
IV. SUMMARY
We have calculated in this paper the inelastic η c production in the electroproduction processes under the NRQCD factorization formalism. Same as the photoproduction of η c [12] , the color-singlet contributions to the electroproduction also vanish in the leading order and the next to leading order in perturbative QCD. The dominant contribution comes from the color-octet 1 S (8) 0 subprocess, for which the associated color-octet matrix element is related to the direct production of J/ψ at large transverse momentum at the Fermilab Tevatron. The measurement of this process at HERA can be viewed as another independent test for the color-octet production mechanism, and complement the study of its photoproduction. 
APPENDIX:
In this appendix, we list the cross sections for the different partonic processes. For 1 S 0 , 3 S 1 and 1 P 1 , the cross sections: 
